The most attractive application of fluid-based thermoacoustic (TA) energy conversion involves traveling wave devices due to their low onset temperature ratios and high growth rates. Recently, theoretical and numerical studies have shown that thermoacoustic effects can exist also in solids. However, these initial studies only focus on standing waves. This paper presents a numerical study investigating the existence of self-sustained thermoelastic oscillations associated with traveling wave modes in a looped solid rod under the effect of a localized thermal gradient. Configurations having different ratios of the rod radius R to the thermal penetration depth δ k were explored and the traveling wave component (TWC) was found to become dominant as R approaches δ k . The growth-rate-tofrequency ratio of the traveling TA wave is found to be significantly larger than that of the standing wave counterpart for the same wavelength. The perturbation energy budgets are analytically formulated and closed, shedding light onto the energy conversion processes of solid-state thermoacoustic (SSTA) engines and highlighting differences with fluids. Efficiency is also quantified based on the thermoacoustic production and dissipation rates evaluated from the energy budgets.
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Introduction
Thermoacoustic (TA) instability is a thermodynamic process through which heat is converted into mechanical energy [1] . When the working medium is a fluid, this process can be driven by combustion [2] or, more simply, by wall heat transfer [3] . In both cases, a two-way coupling between fluid motion and fluctuations in heat release rates is established, effectively resulting in a thermodynamic cycle where the fluid parcel produces mechanical (acoustic) work.
This inherently cyclic process makes pressure and velocity oscillations grow unbounded in the absence of losses. Recently, Hao et al. [4] have theoretically demonstrated that this process can also occur with elastic waves in solid media.
They provided theoretical and numerical evidence of the existence of thermoacoustic instability in solids by showing unbounded standing wave oscillations in a quarter-wavelength (fixed-free) and a sub-quarter-wavelength (fixed-mass) metal rod.
The present manuscript provides two key contributions: 1) it extends the concept of solid-state thermoacoustics (SS-TA) to traveling wave configurations, and 2) offers an in-depth analysis of the wave energy budgets of SS-TA. Thermoacoustic instability, in fact, can be exploited to design energy conversion devices called thermoacoustic engines (TAEs) [5] , which are categorized into two types: standing-wave and traveling-wave engines. The difference between them lies in the phase difference between pressure and velocity oscillations. In a standing wave device, the phase difference is approximately (but not exactly equal to) 90
• at all spatial locations, while in a traveling wave engine it stays well below 90
• depending on the specific design (e.g. between ±30
• in the traveling wave TAE built by Yazaki [6] ). The efficiency is greatly affected by the relative phasing of the oscillations. Ceperley [7] was the first to propose that a very efficient pistonless Stirling-like thermodynamic cycle could be achieved with traveling waves propagating through a solid boundary with thermal gradient. Such an engine was experimentally designed by Yazaki et al [6] although at a relatively low efficiency compared to Ceperley's theoretical expectations [7] . Backhaus and Swift [8] later designed a new type of traveling-wave TAE based on a compact acoustic network. The addition of a resonator superimposes standing waves on the traveling wave in the engine to decrease the large loss observed in both Ceperley's and Yazaki's designs.
While exhibiting higher thermoacoustic growth rates, traveling-wave TAEs suffer from nonlinear losses such as Gedeon Streaming and other forms of acoustic streaming [9, 10, 11, 12, 13, 14] , found to be the main cause of efficiency drop.
In this study, we prove the existence of traveling thermoacoustic waves in solid media based on the theoretical framework developed previously by the same authors [4] . We also show that the growth-rate-to-frequency ratio (shorten as growth ratio hereinafter) of the traveling wave oscillations is considerably larger than that of a standing wave oscillation of the same wavelength. Heat flux, mechanical power, and work source for theoretical solid-state thermoacoustic (SSTA) engines are defined heuristically in light of their definitions in fluids. The acoustic energy budgets are analyzed in detail to interpret the energy conversion process in SSTA engines and to define the efficiencies of SSTA engines. Through the detailed study and comparison of traveling and standing wave thermoacoustics, this paper expands the theory of thermoacoustics of solids and may lead to implementations of new generations of ultra-compact and robust SSTA devices capable of direct thermal-to-mechanical energy conversion.
Problem statement
In this study, we consider two configurations ( Fig. 1 ) in which a ring-shaped slender metal rod with circular cross section is under investigation. Specifically, they are called the looped rod ( Fig. 1(a) and (c)) and the resonance rod ( Fig.   1 (b) and (d)). The rod experiences an externally imposed axial thermal gradient applied via isothermal conditions on its outer surface at a certain location, while the remaining exposed surfaces are adiabatic. The difference between the two configurations lies in the imposition of a displacement/velocity node ( Fig.   1(d) ), which is used in the resonance rod to suppress the traveling wave mode.
Practically, the displacement node could be realized by constraining the rod with a clamp at a proper location ( Fig. 1(b) ). The coupled thermoacoustic response induced by the external thermal gradient and the initial mechanical excitation is investigated.
The initial mechanical excitation could grow with time as a result of the coupling between the mechanical and thermal response provided a sufficient temperature gradient is imposed on the outer boundary of a solid rod at a proper location. This phenomenon is identified as the thermoacoustic response of solids in [4] .
By analogy with fluid-based traveling wave thermoacoustic engines [6, 15] , a stage element is used to impose a thermal gradient on the surface of the looped rod ( Fig. 1(a) ). The specific location of the stage element in this case is irrelevant due to the periodicity of the system. The segment surrounded by the stage is named S-segment, which experiences a spatial temperature gradient With the boundary conditions well defined, the governing equations can be solved to show the transient thermoacoustical response of the system.
Mathematical modeling
The laws of thermoelasticity are considered to model thermoacoustics in solids in that an elastic wave propagating in a solid medium, whether growing or decaying, is accompanied by a thermal wave. The essential difference with previous studies in thermoelasticity is the presence of heat exchange between the solid medium and its boundary. Hao et al. [4] discovered that thermoelastic waves can be made thermoacoustically unstable.
In the following, we analyze the thermoacoustic response of the setup in Fig. 1 adopting the previously developed thermoacoustic linear stability model [4] according to Rott's theory [16] .
The linearized analysis is performed around mean state {u 0 , v 0 , T 0 } = {0, 0, T 0 }, where the subscript 0 denotes base state because they are zero order terms.
The solid is assumed to be homogeneous and isotropic. The first order fluctuating terms (with subscript '1') are assumed to be harmonic in time, namely 
where i is the imaginary unit,û,v andT are the fluctuations of the particle displacement, particle velocity, and temperature averaged over the cross section of the rod, γ G = αE ρcǫ is the one-dimensional Grüneisen constant [17] . The dimensionless function g k is given by
where J n (·) are Bessel functions of the first kind, 
Results
We solved the eigenvalue problem numerically for both cases of a L = 1.8m long aluminum rod, being the looped or the resonance rod, under a 200K temperature difference (T h = 493.15K and T c = 293.15K) with a 0.05L long stage to investigate the thermoacoustic response of the system. The material properties of aluminum are chosen as: Young's modulus E = 70GPa,
thermal conductivity κ = 238W/(m·K) and specific heat at constant strain
The first traveling wave mode in the looped rod, with a full wavelength (λ = L) is considered, and will be referred to as Loop − I, following the naming convention of modes shown in Fig. 2 . The dimensionless growth ratio β/ω is used as the merit for the SSTA engine's ability to convert heat to mechanical energy. The optimal growth ratio was found by gradually varying the radius R of the looped rod. We used the dimensionless radius R/δ k to represent the effect of geometry, where δ k was assumed to be constant at the operating frequency Fig. 3 shows the growth ratio β/ω vs. the dimensionless radius R/δ k of a full-wavelength traveling wave mode.
The frequency variation with radius is neglected. Positive growth ratios are found in the absence of losses, which in solids are mainly induced by structural damping. The positive growth ratio suggests that the undamped system is capable of sustaining and amplifying the propagation of a traveling wave.
On the other hand, for the resonance rod configuration, only standing-wave thermoacoustic waves can exist since the traveling wave mode is suppressed by the displacement node. In this case, the second mode (also (λ = L)) is considered, and denoted as Res − II (Fig. 2) The presence of a displacement node also decreases the rod's degree of symmetry. Thus, the stage location, while being irrelevant in the looped rod configuration, crucially affects the growth ratio in the standing wave resonance rod. An improper placement of the stage on a resonance rod can lead to a negative growth rate, physically attenuating the oscillations. As Fig. 4 shows, only a proper location falling into the shaded region leads to a positive growth ratio. Other than the stage location, the radius of the rod is also another important factor, which can affect the growth ratio for the resonance rod configuration. In Fig. 3 , we show the β/ω vs.
R/δ k relations of a resonance rod for different stage locations as well. The maximum thermoacoustic response is obtained for a stage location x s = 0.845L
(Res − II,case A). Figure 3 shows that as R ≫ δ k , all the curves, whether the looped or the resonance rod, reach zero due to the weakened thermal contact between the solid medium and the stage. However, as R/δ k reaches zero (shaded grey region), the stage is very strongly thermally coupled with the elastic wave. As a result, the traveling wave mode dominates. The stability curves also tell that the traveling wave engine has about 4 times higher growth ratio in the limit pation. The efficiency, the ratio of the net gain (which eventually converts into energy growth) to the total heat absorbed by the medium, is defined based on the acoustic energy budgets and it is found that the first mode of the traveling wave engine ('Loop − I') is more efficient than the second standing wave mode ('Res − II').
Heat flux, Mechanical Energy and Work Source
A cycle-averaged heat flux in the axial direction is generated in the S-segment due to its heat exchange with the stage. Neglecting the axial thermal conductivity, the transport of entropy fluctuations due to the fluctuating velocity v 1 (subscript 1 for a first order fluctuating term in time) is the only way heat can be transported along the axial direction [5] , and it is expressed in the time domain
The subscript 2 in the heat flux per unit areaq 2 denotes a second order quantity. Entropy fluctuations in solids are related to temperature and strain rate fluctuations via the following relation from thermoelasticity theory [18] :
Using Eq. (6) into Eq. (5) ,q 2 can be expressed in terms of T 1 , v 1 and ε 1 . The counterparts of these three quantities in frequency domainT ,v andε can be extracted from the eigenfunctions of the eigenvalue problem (Eqs. (1), (2) and (3) . Under the assumption: β/ω ≪ 1, the second order cycle-averaged products
where a and b are dummy harmonic variables following the e iΛt convention introduced in Section 3, and the superscript * denotes the complex conjugate.
We obtain q 2 =Qe 2βt , wherẽ
The total heat flux through the cross section of the rod iṡ
The second equality holds because the eigenfunctions are all cross-section-averaged quantities. We note thatQ is a function of the axial position x.
The instantaneous mechanical power carried by the wave is defined as
This quantity physically represents the rate per unit area at which work is done by an element onto its neighbor. It can be also called 'work flux' because it shows the work flow in the medium as well. When an element is compressed (σ > 0), it 'pushes' its neighbor so that a positive work is done on the adjacent element. A notable fact is that there is a directionality to I 2 , which depends on the direction of v 1 .
Similarly, the cycle-average mechanical power I 2 can be expressed as I 2 = Ie 2βt , whereĨ
The total mechanical power through the cross section I of the rod is given by
The work source can be further defined as the gradient of the mechanical power as
By expanding Eq. (12), w 2 can be further expressed as
The first term of w 2 vanishes after applying cycle-averaging, because according to the momentum conservation (Eq. (2)), ∂σ 1 /∂x and v 1 are 90
• out of phase under the assumption that the small phase difference caused by the non-zero β can be neglected due to: β/ω ≪ 1. The remaining term is equivalent toσ 1 ∂ǫ1 ∂t , i.e.
whose cycle average is consistent with the cycle-averaged volume change work defined in [4] .
The cross sectional integral of the work source is given by Figure 6 shows the cycle-averaged quantities: heat fluxQ and mechanical powerĨ of a traveling wave engine ('Loop') and a standing wave one ('Res').
Note that the quantities indicated with() satisfy the assumption of cycle averaging: () 2 =()e 2βt . Figure 6 The work flow in the traveling wave engine, as Fig. 6(b) shows, has a very large value, which is due to the fact that negative stressσ and particle velocity v have a phase difference much smaller than 90 • (Fig. 5) . This means that a nearly uniform work flow is circulating the 'Loop' carried by the wave dominated by TWC. Contrarily to the standing wave case, the slope ofĨ is negative in the S-segment, because it is balancing the positive work created bỹ I against the temperature gradient in the TBS. The volumetric integration of the work source w, i.e. the spatial integration of W along the rod, should be zero because, globally, their is no energy output in the system. All the energy converted from the heat in the S-segment should eventually lead to a uniformly distributed perturbation energy growth. More discussions will be addressed in the following section.
Acoustic Energy Budgets
To derive the acoustic energy budgets, we first recast Eqs. (2) and (3) in the time domain following the procedure by [19] as
where, q 1 = 2κ 
where
E 2 , I 2 , R 2 , P 2 and D 2 are the second order energy norm, work flux, energy redistribution term, thermoacoustic production and dissipation, respectively. Note that the work flux shown in Eq. (20) is consistent with the heuristic definition adopted in the previous section (Eq. (9)). With the harmonic convention
) and the assumption β/ω ≪ 1, taking the cycle averaging of Eq.
whereẼ ,R,Ĩ,P, andD are transformed from the cycle averages of the crosssectionally-averaged second order terms in Eqs. (19) (20) (21) (22) , following the assumption of cycle averaging: () 2 =()e 2βt . They are expressed as
The details of the derivations of Eqs. (23)- (28) can be found in the supplementary material.
The growth rate can be recovered via
As Fig. 7 shows, the growth rates β EB calculated from Eq. (29) From the physical point of view, the significance of the terms in Eq. (23) are illustrated as following. 2βẼ quantifies the rate of energy accumulation, dĨ/dx is the work source defined in the previous section,R is an energy redistribution term.P andD are the thermoacoustic production and dissipation, respectively. The energy redistribution term in the acoustic energy budgets of solid thermoacoustics cannot be found in the fluid counterpart of the same equations [19] . This term is absent in fluids because it is canceled in the algebraic derivations by expressing the variation of mean density according to the ideal gas law, as a function of the mean temperature gradient. On the other hand, in solidstate thermoacoustics, the heat-induced density variation is neglected and the impact of the temperature gradient is manifest in the stress-strain constitutive relation. It is proved numerically that the spatial integration of this term is zero (see Supplementary Material), so it does not produce or dissipate energy, but just redistributes it. In summary, it represents the work created by the acoustic flux acting against the temperature gradient. Figure 8 plots every term in the acoustic energy budgets (Eq. (23)) in the standing wave and traveling wave configurations, respectively.
The values ofP andD are non-zero only in the S-segment. The dissipatioñ D is due to wall heat transfer, which is a conductive loss. Although they are very similar in the S-segment, there exists a small difference between them. Thus, from a thermal standpoint, as a given amount of heat is transported through this section, a small portion of it (proportional toP −D) is converted into wave energy which accumulates in the rod, hence sustaining growth.
As can be seen, 2βẼ is flat, meaning that the rate of the energy accumulation along the rod is uniform and exponential in time, consistent with the eigenvalue ansatz.
In the standing wave configuration, the work flux gradient dĨ/dx peaks in the S-segment, and has a constant negative value out of the S-segment. As foreshadowed by the discussions in the previous section, this distribution means that dĨ/dx adjusts itself so that β is uniform. In other words, energy is accumulated everywhere at the same rate.
Neglecting the small phase shift caused by β, the energy redistributionR does not exist in the standing wave configuration because of the 90 • phase difference betweenσ andv. Locally, the produced work in the S-segment, is converted from the most of the net productionP −D. The remaining of P −D transforms to the accumulated energy in this small segment. Outside the S-segment, the negative value of dĨ/dx is exactly the same as the rate of the energy accumulation to keep the condition of zero local net production.
In the traveling wave configuration, the energy conversion becomes different because of the existence of the TBS. The TBS creates a temperature drop, which makes the energy redistribution term non zero in this section. To balance the negative value in the TBS, it peaks up in the S-segment so that the spatial integration is zero. In the TBS, the shape of the work flux gradient is the mirror image of that of the energy redistribution term because the addition of these two terms should be the negative of the spatially uniform energy accumulation rate. For the work flux gradient itself, a negative distribution in the S-segment is necessary to balance the positive redistributed work in the TBS so that the spatial integration is zero. The above supplements the explanations in the previous section on why the work source is negative in the S-segment.
Globally, in both configurations, given that both the spatial integrations of the work flux gradient and the energy redistribution terms are zero, the total net production L 0 (P −D)dx only leads to the accumulation of energy
Efficiency
Generally, efficiency is defined as the ratio of work done to thermal energy consumed. However, since there is no energy harvesting element in the system, the rod has no work output. Thus, we take the accumulated energy, which could be potentially converted to energy output, as the numerator of the ratio. For the denominator, limited to the 1D assumption, the thermal energy consumed is not available directly from the quasi-1D model because the evaluation of the radial heat conduction at the boundary is lacking. Swift [5] suggested that the heat fluxQ could be considered as uniform for a short stack, which is approximately equal to the consumed thermal energy. Thus, we use the averagedQ over the S-segment, an estimate of the consumed thermal energy, as the denominator of the efficiency. As a result, the efficiency η is expressed as 
Although this definition is the best estimate we could make based on the quasi-1D model, we highlight that fully nonlinear 3D simulations are capable of providing more accurate estimates of the efficiency. Considering that the material properties of solids are much more tailorable than fluids, the authors expect that the efficiency of SSTA can be improved by designing an inhomogeneous medium having optimized mechanical and thermal thermoacoustic properties.
Conclusions
In this study, we have shown numerical evidence of the existence of traveling wave thermoacoustic oscillations in a looped solid rod. The growth ratio of a full wavelength traveling wave in a looped rod is found to be significantly larger than that of a full wavelength standing wave in a resonance rod. The phase delay in the looped rod between negative stress and particle velocity, which controls the value of TWC, is at most 30 
